In the present work, we numerically and experimentally investigate the propagation of nonlinear waves in a hexagonally packed granular channel. Specifically, we assemble a simple 1-2-1 granular chain, which triggers not only normal but also tangential interactions of particles up on a striker impact. We experimentally measure the transmission of nonlinear waves propagating along the channel direction using an embedded piezoelectric sensor particle. For numerical simulations, we introduce a discrete element model that accounts for both elastic and damping effects in axial and rotational directions. As a result, we find that the wave propagation in this 1-2-1 hexagonal architecture is governed strongly by the rotational dynamics of particles. We also verify that the effect of rotational damping is crucial for the accurate description of the particle's dynamics. The findings in this study hints the significance of particles' rotational dynamics when stress waves propagate along hexagonally packed particle channels even in highly ordered 2D/3D granular architectures.
Introduction
Granular crystals defined as a conglomerate of tightly packed and ordered granules have attracted significant attention from the scientific community due to their capability in forming and transmitting a wide range of stress waves (Nesterenko, 2001; Sen et al., 2008; Hladky-Hennion and de Billy, 2007; Herbold et al., 2009; Boechler et al., 2011; Shukla et al., 1993; Jayaprakash et al., 2011) . When the particles interact with each other under the linear relationship (i.e., Hooke's law), they can form and propagate dispersive linear elastic waves through the periodic architectures of granules. These linear responses can be characterized by frequency band structures with distinctive pass-and stop-bands (i.e., band-gaps) (Hladky-Hennion and de Billy, 2007; Herbold et al., 2009; Boechler et al., 2011) . If the interplay of the constituent particles is nonlinear, the granular crystals support the propagation of nonlinear waves. An example is a one-dimensional (1D) granular chain composed of spherical particles, whose interactions are governed by the classical Hertzian law (i.e., F m $ d 3=2 , where F m is the compressive force and d is the distance between the particles). Upon strong excitations, these granular chains can form and propagate highly nonlinear waves in the form of solitary waves (Nesterenko, 2001; Sen et al., 2008; Shukla et al., 1993; Jayaprakash et al., 2011; . Compared to linear elastic waves, these nonlinear waves provide unique physical properties, such as high stability, near compact-supportedness, and controllability over their shape and propagation speed. By leveraging such characteristics, previous studies have proposed the usage of granular crystals as novel engineering devices, e.g., acoustic imaging devices (Spadoni and Daraio, 2010) , impact mitigation layers (Hong, 2005; Doney and Sen, 2006) , and acoustic switches (Li et al., 2014) . Despite the growing amount of research, the studies on nonlinear wave propagation in two-dimensional (2D) granular crystals have been largely unexplored. This is attributed to the complicated granular mechanics in 2D packing that inevitably involves not only axial, but also rotational interactions among frictional particles. A limited amount of work has been reported on the wave propagation in 2D granular architectures. For example, Sen et al. performed numerical studies on nonlinear wave propagation in hexagonally packed granular columns (Sen and Sinkovits, 1996) . Likewise, Vitelli et al. studied energy transport in jammed 2D granular packings (Vitelli et al., 2010) . Recently, researchers investigated oblique entrance of solitary waves to a 2D hexagonal lattice interface, revealing a refraction and reflection law in a form similar to the Snell's law (Tichler et al., 2013) . However, these studies were based on numerical models without accounting for the rotational http://dx.doi.org/10.1016/j.ijsolstr.2015.07.017 0020-7683/Ó 2015 Elsevier Ltd. All rights reserved. mechanics of granules. Consequently, most studies remained solely as numerical efforts without appropriate experimental validations. More recently, Leonard et al. explored numerically and experimentally versatile shapes of wave fronts in 2D granular crystals, but the focus was placed on the particles' axial interactions, neglecting their rotational dynamics (Leonard and Daraio, 2012) .
We find a few discrete element models (DEMs) that took into account the effects of particle rotations based on the Hertz-Mindlin contact law (Mindlin, 1949; Cundall and Strack, 1979; Johnson, 1985) . Velicky et al. used an effective medium approximation to describe mean-field of 2D lattices and to derive dispersion relationship (Velick and Caroli, 2002) . Nishida et al. simulated the projectile impacting on a 2D granular bed made of polymers using 2D DEM (Nishida and Tanaka, 2010) . However, the central theme of these works was not nonlinear wave propagation in closely-packed granular lattices, but linear wave dispersion or macroscopic granular flows. The mechanics of nonlinear wave propagation in 2D granular media under rotational dynamics may present totally different physical phenomena. For example, Jia et al. showed empirically that nonlinear wave propagation in disordered granules exhibits V s $ F 1=4 m under the influence of particle jamming and rotations (V s and F m are wave speed and magnitude, respectively) (Jia et al., 1999) . This is different from what we observe in aligned granular systems under dominant axial interactions (e.g., 1D granular chain or squarely packed 2D granular arrays), which exhibit V s $ F 1=6 m (Nesterenko, 2001; Sen et al., 2008) .
In this study, we simulate and measure the formation and propagation of nonlinear waves in ordered 2D granular systems. To investigate the fundamental physics of nonlinear wave propagation, we assemble a 2D granular lattice contained in a narrow channel, specifically in a 1-2-1 array. This is a simple setup that is designed to trigger both axial and rotational interactions of particles by impacting the system in a direction slanted from the axial alignments of particles. Previous studies have shown that if ordered granular systems are excited along the direction of particles' axial alignments, a DEM approach yield reasonably accurate results even without the consideration of rotational dynamics (Leonard and Daraio, 2012; Zhang et al., 2015) . In this study, we excite the 1-2-1 channel by using a striker impact and record the propagation and attenuation of waves using a custom-made sensor particle. To verify the experimental results, we develop an in-house DEM that simulates the axial and rotational dynamics of tightly-packed, frictional particles. In particular, we introduce dissipative model of axial and tangential granular interactions using Tsuji's model (Tsuji et al., 1992) .
Despite the highly ordered architectures of hexagonally packed granules assembled in this study, we find that rotational dynamics of particles plays a crucial role in the dissipative and dispersive trends of nonlinear wave propagation. Based on the damping factors obtained from experiments, the kinetic and potential energy profiles of the granular system are also calculated, and their temporal histories are reconstructed. The attenuation trend of the energy distribution demonstrates that a large portion of initial energy carried by the 1-2-1 channel is lost by rotational friction. After proper consideration of such rotational dynamics of particles, we observe that the numerical results of the dispersion and attenuation of nonlinear waves are in agreement with the experimental measurements. The findings in this study provide an empirical and computational proof that rotational dynamics is crucial in capturing nonlinear wave propagation even in a highly ordered granular system. We also observe that the nonlinear waves in this 1-2-1 system exhibit waveforms that do not show self-similar patterns during propagation, which is distinct from those formed in 1D granular chains. However, we find that the speed of propagating waves in this 1-2-1 system is governed strongly by their force amplitude in a pattern similar to the power-law observed in solitary waves propagating in 1D granular chains.
The rest of the manuscript is composed as below: In Section 2, we describe the experimental setup to investigate the attenuation and dispersion of nonlinear waves due to axial and rotational dynamics. We introduce the DEM based on Tsuji's model in Section 3 for numerical simulations. Section 4 includes the numerical and experimental results accompanied with discussion. We finish this manuscript with conclusions and future works in Section 5.
Experimental setup
We conduct two sets of experiments in this study. First, we assemble and test a straight granular chain as a reference case, where we assess the attenuation of solitary waves primarily due to the axial interactions of particles. The granular chain is composed of N = 64 chrome steel spheres (Bearing-quality E52100 alloy steel, McMaster) with radius R = 9.525 ± 0.0254 mm, elastic modulus E = 210 GPa, Poisson's ratio m = 0.27, and mass m = 28.2 g. The beads are placed on a low-friction polycarbonate plate and constrained by hardened and surface-finished stainless steel blocks to restrict the lateral motions of particles ( Fig. 1(a) ). The material properties of these stainless steel blocks are assumed to be identical to those of the chrome steel beads. We ensure there exists clearance between the granular chain and the side walls, so that the beads can move freely in the channel. The clearance is measured to be less than 0.051 mm by using a gap gauge.
An identical bead is used as a striker to generate a single pulse of solitary waves by impacting the front end of the granular chain. The striker is released from a ramp (see the left inset of Fig. 1(a) ) with a solenoid, and the impact velocity is 0.55 m/s. We measure the propagation of solitary waves by embedding sensor particles in the granular chain (right inset of Fig. 1(a) ). This instrumented particle contains a thin piezoelectric disc between two half spheres, which converts transmitted stress waves into voltage signals. The sensor bead is designed carefully to have the identical contact stiffness and mass compared to that of the regular particle in the chain. The calibration process of the sensor is described in Daraio et al. (2005) . In this study, we place the first sensor particle at the beginning of the chain, which is directly impacted by the striker. This sensor plays a role of triggering the external data acquisition system up on the moment of impact. The second sensor bead is positioned along the chain, whose position is altered in every three-particle spot. The measured sensor signals are synchronized with respect to the impact moment (captured by the first sensor signal mentioned above) and are later reconstructed to describe the attenuation trends of solitary waves along the 1D chain. In each particle spot, we repeat five measurements for statistical treatments.
After evaluating the axial dissipative effect in a straight granular chain, we build and test hexagonally packed granular chains, where rotational dynamics start to affect the mechanism of nonlinear wave propagation. For the sake of simplicity, we assemble an ordered 1-2-1 granular array which is contained in a narrow channel as shown in Fig. 1(b) . For the stability of the setup, the end of the particles' array consists of a pair of particles, while the beginning of the chain is a single particle, which is directly impacted by a striker. The total number of particles used in the chain is 36, composing 12 rows of single and double particle arrays. In the 1-2-1 setup, the width of the channel is slightly larger than two particles' diameters, such that any particle pairs can barely pass through the channel without being clamped. Before each experiment, we visually inspect the system to ensure that all side particles are in contact with the walls and that the clearance between a pair of particles is less than 0.051 mm using the gap gauge (see the inset of Fig. 1(b) ).
Similar to the 1D chain, we use the piezoceramic-embedded sensor bead as the first particle in the chain for the triggering purpose. The impact setup used in this hexagonal setup is same as the one adopted for the 1D chain. As noted in the introduction, the direction of striker impact in this system is slanted by AE30 from the axial alignments of the particles (inset of Fig. 1(b) ), causing both axial and tangential interactions of granules. For the measurement of propagating nonlinear waves, we position the second sensor particle in the neck part of the 2D lattice (i.e., a single particle spot in the 1-2-1 configuration). We alter the position of the sensor particle, and the collected data are reconstructed to observe the attenuation of nonlinear waves under the influence of rotational particle dynamics. Fig. 2 shows a schematic of a particle interacting with its neighboring bead and a fixed wall. We assume each particle as a point mass, and we describe particles' interactions by nonlinear springs and dampers connecting them (to be described in detail below). Notable progresses in modeling such discrete particles' interactions have been made by Cundall and Strack (1979) , Walton and Braun (1986) , and Tsuji et al. (1992) , to list a few. In this study, we use Tsuji's model to account for both elastic and dissipative effects at the contact interfaces along normal and tangential directions.
Numerical setup
We begin by describing the normal interactions of two identical spheres. Given the position vectors s i and s j pointing from an arbitrary origin to the center-of-mass of the ith and jth particles in the system, their compressive displacement under contact can be expressed as:
where the subscript n denotes the normal component of the displacement (see Fig. 2 ). Likewise, the normal amplitude of their approaching speed under contact can be obtained as follows:
where upper dots denote time-derivatives. Based on the normal displacement and velocity components, the normal force acting on the ith particle by the jth particle can be expressed as:
Heren ij is the normal vector pointing from the center-of-mass of the ith particle to the jth one (i.e.,n ij ¼ ðs j À s i Þ=js j À s i j). In Eq.
(3), the first term represents the elastic contact force from the Hertzian contact law, where the contact coefficient A ij can be expressed as (Johnson, 1985) :
given a contact of identical beads. The second term is the damping term under the axial interactions. The damping coefficient c n;ij is expressed as (Tsuji et al., 1992) :
Here m is a single particle's mass. Note that the damping coefficient increases as we have a larger normal compression d n;ij . Here a n is the constant that can be determined analytically given the restitution coefficient of the particles (Tsuji et al., 1992) . In this study, we will empirically determine this based on the experiments of the 1D axial chain and will compare this value with the analytically predicted value. Now we consider elastic and dissipative interactions of the particles along the tangential direction. For this, we first calculate the relative velocity of the two neighboring particles at the contact point, represented by a pair of dots at the contact interface in Fig. 2 . The relative velocity of the contact point in the ith particle with respect to that of the jth particle can be expressed as below:
when these particles are rotating with angular velocities of x i and x j , respectively. Note thatn ji ¼ Àn ij . For more rigorous mathematical expression of Eq. (6), we need to use R À d n;ij =2 instead of R. This requires iterative calculations, while the accuracy of the results is not improved noticeably for hard particles' interactions where d n;ij is orders-of-magnitude smaller than R. For the sake of computational convenience, we neglect this subtle component in the velocity expression. Based on Eq. (6), the tangential component of the velocity at the contact interface can be calculated as below:
wheret ij is the tangential unit vector (n ij ?t ij , see Fig. 2 ). The tangential slip can be obtained by the integration of the tangential speed over time s: 
Based on these tangential displacement and velocity, the tangential force term can be calculated. The mathematical expression of the tangential force is analogous to the axial one (Eq. (3)), composed of the elastic and dissipative terms:
Here, the elastic contact coefficient between two identical spheres is given by Tsuji et al. (1992) :
The maximum elastic force in the tangential direction is typically bounded by the upper limit due to slippage. Thus, we impose the Coulomb's friction law for the elastic component of the tangential force:
where l is the friction coefficient. In this study, we use l ¼ 0:099 for the contact between steel bodies according to reference (Lorenz et al., 1997) . The dissipative coefficient in the tangential direction, c t;ij , is typically assumed to take a similar form to the axial one, c n;ij (see Eq. (5)) (Tsuji et al., 1992) :
Note that this tangential damping constant, a t , is not derivable analytically, unlike its axial counterpart, a n (Tsuji et al., 1992) .
Therefore, we determine this factor empirically in this study. The contact mechanism between spherical particles explained above is also valid for the interaction between a sphere and a half-spaced wall (e.g., jth particle and kth wall contact point as shown in Fig. 2 ). In this case, the position vector for the wall is fixed (i.e., _ s k ¼ 0), thereby producing the position and velocity of normal components as below:
The normal and tangential contact coefficient A ij and K ij in Eqs. (3) and (9) are also modified as follows to account for the altered geometrical configurations:
Under the consideration of all contact forces exerted, we build an equation of motion for the ith particle as below:
The initial condition of the system is that all neighboring particles are barely touching with each other, such that there exist no static or dynamic forces at time t ¼ 0. The only perturbation is the striker particle hitting the first particle in the 1-2-1 chain, with an initial velocity stated in the previous section. We solve these differential equations using a Runge-Kutta-4 integration scheme to calculate particles' motions and the resultant transmissions of contact force through both 1D and 2D granular architectures.
Experimental and numerical results

Wave propagation in the 1D granular chain
We first investigate the propagation of nonlinear waves along the 1D granular chain. Fig. 3 shows the temporal profiles of the nonlinear waves measured from every three particle spot along the 64-particle chain (e.g., sensor position 1 is the first particle in the chain, while sensor positions 2, 3, . . ., n denote the 4th, 7th, Fig. 2 . Schematic of a particle in contact with its neighboring particle and a fixed wall. Subscripts i, j, and k denote particle (or wall) indices, while subscripts n and t represent normal and tangential interactions, respectively. and ð3n À 2Þth particle spot in the chain). Each measured signal exhibits the shape of solitary waves, which feature a single-humped waveform with fast decaying drop as predicted analytically by previous studies (Nesterenko, 2001; Sen et al., 2008; . The inset shows the overall attenuation trend of solitary waves in this 1D chain, where the discrete points with error bars represent the averages and standard deviations of the measured peak forces. We observe a gradual decrease of the force amplitude by the amount of approximately 10% over the 64 particle length. Notably, the waveform of these solitary waves is maintained throughout the chain without showing noticeable distortion. This is one of unique characteristics of solitary waves, in contrast to conventional linear elastic waves that suffer from waveform distortion due to dispersive effects.
We simulate the propagation of solitary waves in this 1D chain based on the axial interactions of the particles (Eq. (3)). While the elastic force term is given analytically by the Hertzian contact law (Eq. (4)), we need to adjust the damping constant a n in the dissipative term (Eq. (5)) to capture the attenuation trend of the solitary waves accurately. By using the least-mean-square fitting scheme, we obtain a n ¼ 6:313 Â 10 À3 . See the inset of Fig. 3 for the experimental data (discrete points) and the fitted curve (dashed line). As a result, the dotted curves in Fig. 3 show the simulation results, which are in excellent agreement with the experimental results. As noted in the previous Section, this damping constant can be also predicted by the restitution coefficient e between two particles. For the stainless-steel spheres with e ¼ 0:97 $ 0:99; a n corresponds to a range of $0.01. The predicted value is larger than, but on the order of, our empirical value. This is plausible considering that our system could be less dissipative compared to a two-particle collision due to the connected chain configuration.
We also investigate the decrease of the energy in the chain resulting from this dissipative effect. The kinetic and potential energy of the entire chain under pure translational motions (i.e., no rotations) can be expressed as:
where a particle with index 0 denotes a striker. According to this energy expression, we quantify the kinetic and potential energy over time as shown in Fig. 4 . We find that the kinetic energy carried by the striker is partially transferred to the chain, creating oscillatory patterns between the kinetic and potential energy (Nesterenko, 2001) . When no dissipation is considered (i.e., a n ¼ 0), the total energy of the entire chain is maintained over the span of the simulation time. If we include damping effects, we find that both kinetic and potential energy are gradually decreasing. By the time the solitary wave reaches the end of the chain, we find $21.5% reduction of the total energy.
Wave propagation in the 1-2-1 hexagonally packed chain
Now we investigate nonlinear wave formation and propagation in the 1-2-1 hexagonally packed chain. Fig. 5 shows the force profiles of simulated and measured waveforms in the temporal domain. We first simulate the force transmission under the simplest scenario, assuming that only elastic axial force governs the dynamics of the system (i.e., K ij ¼ 0 for zero bead rotation and (9)). The results are plotted in thin blue curves in Fig. 5 . We find that these simulation results are in strong disagreement with the experimental results, which are plotted in black solid curves in Fig. 5 .
This discrepancy is clearer when we plot the maximum force magnitude and wave speed as a function of measurement positions as shown in Figs. 6 and 7. In these two plots, the average and standard deviations of the extracted data are illustrated at discrete points with error bars. The velocities are calculated by dividing the short-cut distance of two measurement points (DL) by the time elapsed between the two force peaks (Ds). See DL and Ds from the inset of Figs. 2(b) and 5, respectively. The large error bars for the measured velocities are due to errors in capturing the peak points of the measured temporal signals. In the force and velocity trends, we find that the axial elastic force alone cannot capture the dynamics in the 1-2-1 hexagonal chain accurately.
If we activate the elastic rotational dynamics in the simulation (i.e., K ij -0 while c n;ij ¼ c t;ij ¼ 0 from Eqs. (3)), we improve the simulation results as shown by the dashed red curves in Figs. 6 and 7. Compared to the axial elastic force-only case, we clearly observe the drastic attenuation of the signals due to the allocation of energy to the rotational dynamics of the particles. However, we still observe noticeable discrepancy between the numerical and experimental results. Now we consider including the dissipation terms in the dynamics of the 1-2-1 hexagonally packed chain. Given the axial damping coefficient (a n ¼ 6:313 Â 10 À3 ) found in the 1D chain experiment, we activate the axial damping term first in Eq. (3). The results are shown in the dotted green curves in Figs. 6 and 7. We find that this axial damping term enhances the attenuation of the propagating nonlinear waves, but the effect is insignificant as seen by the almost overlapping curves between the no damping and the axial damping cases. This implies that the effect of axial damping in this 1-2-1 chain is not significant. Lastly, we account for the dissipative effect in the rotational dynamics. As noted in the previous Section, we determine the rotational damping constant a t empirically. By conducting the least-mean-square fitting of the experimental force measurements, we obtain a t ¼ 6:375 Â 10 À2 , which is almost ten times larger than a n (Yang et al., 2012) . The results are shown in the dash-dot gray curve in Fig. 6 , which successfully captures the attenuation trend of the experiments. Based on this damping constant, the velocity trend is also plotted in Fig. 7 , which is consistent with the experimental results.
From Figs. 6 and 7, we find that wave speed decrease linearly, while peak force of propagating waves is reduced rather drastically, as the wave propagates along the 1-2-1 channel. The relationship between force F m and velocity V s is plotted in Fig. 8 , where black star markers represent experimental results extracted from Figs. 6 and 7. We also conduct numerical simulations for five different striker velocities. The discrete points represent data points obtained from numerical simulations, while continuous lines are based on curve-fitting of these data points. We find that all these cases follow a power-law relationship, V s $ F n m , where n ¼ ½0:1596; 0:1591; 0:1592; 0:1584; 0:1570 for V s ¼ ½0:1; 0:5; 1; 5; 10 m/s, respectively. These power factors are close to 1/6 observed in solitary waves propagating through a 1D chain of homogeneous particles (Nesterenko, 2001; Sen et al., 2008) . The minute deviation of these factors among the five cases is probably due to the different degree of coupling between axial and rotational dynamics as a function of striker's velocity. We will discuss this in the next Section.
After taking both axial and rotational damping effects into account, the temporal force profiles of the nonlinear waves based on numerical simulations are shown by the dash-dot gray curves in Fig. 5 . We find excellent agreement between the numerical and experimental results. Note that consideration of axial elastic dynamics only (blue curves) -the approach taken by most numerical studies as noted in the Introduction -fails to capture the actual wave propagation trends in this 1-2-1 hexagonally packed chain. For the sake of brevity, we do not include the numerical simulation results here, but increasing the viscous damping coefficient in the axial dash-pot model (e.g., Li et al. (2014) ) cannot replace the effect of damping caused by rotational dynamics, either. It simply reduces the force amplitude without being able to properly capture the oscillatory waveforms in this 1-2-1 channel. This again confirms the importance of including rotational dynamics in 2D granular systems with both axial and tangential interactions of particles. We find that under the influence of both elastic and dissipative rotational dynamics, we lose a significant portion of wave amplitude over a relatively short length of the chain. This is striking, since the granular architecture assembled in this study is based on highly ordered packing and minimal clearance allowed. Such a drastic attenuation over a short span of time and space is in sharp contrast to the 1D axial chain, where only axial dynamics was enough to explain the relatively small attenuation of the solitary waves propagating over a long distance of the chain.
Kinetic and potential energy in the 1-2-1 hexagonally packed chain
Based on the damping factors determined, we can calculate the potential and kinetic energy of the entire system using Eq. (20). Note that this energy expression takes into account only the translational component of the energy. Figs. 9 and 10 shows the kinetic and potential energy, respectively, under four different simulation conditions. The total translational energy based on the summation of these two energy quantities is plotted in Fig. 11 . When we suppress any damping or rotational dynamics effects, we find the oscillatory profiles of kinetic and potential energy are summed up to a constant value, implying that the total amount of energy is preserved -similar to a 1D homogeneous chain (blue curves in Figs. 9-11). As we introduce the elastic part of the rotational dynamics, we find that a significant portion of the total energy is dispensed to the rotational energy. The shaded envelop between the solid blue and dashed red curves in Fig. 11 corresponds to this rotational energy, taking up 55.2% of the total energy around 1 ms time elapsed. The effects of damping are also illustrated in these energy plots. When we activate the axial damping term only, we see minute change of the curves (dotted green curves in Figs. 9-11 ). This reduction is a mere 3.34% of the total energy assessed at the 1 ms point. By introducing the rotational damping effect additionally, we obtain more drastic reduction of both kinetic and potential energy. In terms of the total energy, this rotational damping accounts for 22.9% of the total energy at the 1 ms point according to the simulation results in Fig. 11 . This explains the drastic difference of the energy transfer mechanisms between the 1D granular chains and the hexagonally packed chain.
As we expect from the damping model described in Section 3, the system investigated in this study is not re-scalable with respect to energy. We find the characteristic time for allocating translational energy to rotational one differs depending on the energy level of the system. Figs. 12 and 13 illustrate numerical results of temporal change in translational and rotational energy, respectively, when we vary a striker velocity from 0.1 m/s to 10 m/s. All energy values are normalized with respect to the kinetic energy carried initially by the striker. We find that as the injected energy is higher (i.e., striker velocity is higher), we observe more drastic reduction of translational energy, which in turn causes more rapid increase of rotational energy. This implies a higher level of energy injected into the system facilitates rotational dynamics further. The asymptotic amount of energy allocated to rotational dynamics also increases minutely as a striker velocity is higher. The mechanism of such energy redistribution between translational and rotational dynamics is a subject of further investigation. Compared to the 1D granular system described in Section 4.2, we find that the rotational dynamics combining the elastic and dissipative effects plays a significant role in describing the wave propagation in the 2D system of 1-2-1 architectures. In this packing, the direction of striker impact forms the angle of AE30 with respect to the axial alignment directions of the hexagonally packed particles. In such cases, the consideration of rotational dynamics is necessary to describe the accurate -highly attenuative -dynamics of stress waves propagating in these slanted directions. We expect this damping effect will be even more drastic as we introduce disorder in terms of the packing architectures or particles' dimensions.
Conclusions
In this study, we numerically and experimentally studied the propagation of nonlinear waves not only in a 1D granular chain, but also in a hexagonally packed 1-2-1 chain. For numerical simulations, we built a discrete element model (DEM) that accounts for elastic and damping effects in both normal and tangential directions of the particles' interactions. While previous studies have elucidated the validity of the DEM for the simulation of solitary waves in 1D or square-packed 2D granular systems, their efficacy and accuracy for modeling 2D wave dynamics -particularly when a system is excited in a direction slanted from the particles' axial alignments -have been relatively unexplored. In this study, we found that the wave dynamics in 2D hexagonally packed narrow channels is governed strongly by the rotational dynamics of the particles composing the 2D chain. The translational kinetic energy carried by the striker impact is quickly re-distributed to the 2D granular system in the form of rotational energy. Thus, we verified that it is crucial to take into account the rotational dynamics of particles in the DEM for accurate modeling of wave dynamics in 2D hexagonally packed granular systems, particularly when a system is perturbed in a way that the particles interact with each other not only in axial but also in tangential directions. We also found that the damping effect in the particles' rotational dynamics is not negligible.
Future directions of relevant studies will include measuring particle's translational and rotational dynamics using non-contact methods (e.g., digital image processing via high speed photography or laser Doppler vibrometry). Further studies on the effect of various material/geometrical parameters and energy levels will be also helpful to build more generalized DEM in 2D granular systems, though we expect it would be a highly challenging task.
